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Abstract

The paper investigates the coercive properties of a fourth-order operator in the weight space L, 5 (R™). This paper presents
a detailed investigation into the coercive properties and separability conditions of a fourth-order differential operator within
a weighted Hilbert space framework. The motivation stems from the critical role such operators play in mathematical
physics and engineering, particularly in modeling elastic structures and complex boundary value problems. While the theory
of second-order and biharmonic operators is well developed, there remains a need to deepen the understanding of higher-
order operators, especially in non-uniform or weighted settings. We begin by defining the analytical setting, including the
class of admissible weight functions and functional spaces, and formulate the problem through a general fourth-order
elliptic equation. Building upon existing approaches in the theory of coercivity and separability, we derive new sufficient
conditions under which the operator admits a coercive inequality. These inequalities are essential in demonstrating well-
posedness and are shown to lead directly to separability, which ensures the operatot’s spectral decomposition and solution
uniqueness. The core result of the paper is a theorem establishing that, under certain regularity and boundedness conditions
on the weight functions, the considered operator is separable in the weighted space. The proof employs a combination of
integration by parts, approximation techniques, and delicate functional estimates that rely on properties of the weight
function and the structure of the differential operator. This work generalizes prior results on coercive solvability from
second-order settings to fourth-order frameworks and introduces a systematic method to verify separability using
inequalities derived from the operator's coercive structure. As such, the results have broader implications for the study of

nonlinear and non-divergent elliptic operators in weighted domains.
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1| Introduction

The study of differential operators in functional spaces plays a vital role in modern analysis, particularly in the
theory of Partial Differential Equations (PDEs) and mathematical physics. Among the various types of
differential operators, those of higher order, such as fourth-order operators, arise naturally in a broad
spectrum of physical models, including elasticity theory, plate and beam problems, quantum mechanics, and
other applied disciplines. Understanding the analytic and spectral properties of these operators, especially in
weighted spaces, remains a subject of considerable theoretical and practical interest. One key concept in this
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area is separability. This structural property ensures that a differential operator behaves well under
decomposition and allows solutions to be obtained via expansion in terms of suitable basis functions.
Separability has direct implications for solvability, uniqueness, and numerical approximation of differential
equations. The term “separability” in the context of differential operators was introduced and developed by
Everitt and Giertz [1-4], who studied the Sturm—Liouville operator and established foundational results. Later
developments, particularly those by Boymatov [2] and Otelbaev [5], and their followers, extended these ideas
to broader classes of elliptic and higher-order operators. Closely related to separability is the concept of
coercivity, which is a type of a priori estimate that provides lower bounds for operator norms in terms of
function norms. Coercive estimates are essential tools in proving well-posedness of boundary value problems
and in establishing energy estimates for PDEs. The work of Otelbaev [5] and others has shown that coercivity
conditions often serve as sufficient criteria for separability. However, the exact relationship between these
two concepts becomes more intricate in weighted function spaces and for higher-order operators. While
much of the classical theory focused on second-order elliptic operators, recent research efforts have turned
toward the more challenging fourth-order operators. These operators, due to their increased complexity and
the presence of higher derivatives, demand more refined analytical techniques, especially when considered in
weighted spaces where the geometry and growth conditions of the weight functions significantly influence
the analysis. In this paper, we examine a fourth-order differential operator acting in a weighted Hilbert space.
We aim to derive new coercive inequalities that serve as sufficient conditions for separability. By precisely
characterizing the classes of admissible weight functions and functions involved in the operator, we formulate
a theorem that guarantees separability under specific analytic assumptions. The main novelty of our work lies
in extending existing results for second-order and biharmonic operators to more general fourth-order
operators, and doing so within the broader framework of weighted spaces, which are often encountered in
realistic models where non-uniformities or singularities are present.

The remainder of the article is structured as follows. In Section 2, we provide the precise formulation of the
problem and state the main theorem. Section 3 develops the auxiliary lemmas and technical estimates needed
for the proof. Section 4 is devoted to proving the main result, including detailed coercive inequalities and the
role they play in establishing separability. We conclude by summarizing the implications of our findings and
suggesting directions for further research in the analysis of nonlinear and higher-order differential operators
in weighted functional frameworks. They examined the separability of the Sturm—Liouville operator and its
degrees. A significant contribution to the future development of the theory of separability of differential
expressions was introduced by Boimatov [2], Otelbaev [5], and their disciples. The separability of differential
expressions and the corresponding coercivity inequalities have been studied in many papers (See [1], [2], [5],
[6] and references therein). Coercivity estimates and separability for second-order elliptic differential equations
were studied in [3]. In [4] and [7] investigated the separability of a biharmonic operator with a matrix potential.
The paper [7] is devoted to the study of nonlinear elliptic differential operators of nondivergent form in a
weighted space. In this paper, we consider an operator of the fourth order in the weight space L,,(R"),
establish the corresponding coercivity inequalities and, on the basis of these inequalities, obtain new sufficient
conditions of separability for this operator.

2| The Formulation of the Main Result of This Work

Let's introduce a weight L, ,(R") with finite

2
U, Lo (R = { fR np(x)|u(x)|2dx} :

where p is a positive function.

The space L, ,(R") is a Hilbert space, and in it the scalar product is defined by the equality



Coercive Estimates and Separability for the Fourth-Order Operator in Weight Space 10

(9= | p(IuGIVGIa

In the space L, ,(R") consider the differential equation:

n 64‘
i = Z89 4 v60 -ue9 = £, M

, Bx{‘
i=1

where V(x)- is a positive function.
Definition 1. Eg. (7) and the corresponding differential-operator are called separable in the L, ,(R"), ecan

4
T V() - u(x) € Lyp(R™) ara Beex u(x) € Ly p(R™) N Wijoc(R") such that f(x) € Ly, (R™).

Definition 2. We say that the function belongs to a class if the following conditions are satisfied for all:

62
Z HV 2(x) ( ) VI)| < o;. 2
1 9V(x) du 0%u
HV 2( aXi aXi 62 VZ(X)TI (3)

Let us formulate the main result of the paper. The following is true.

Theorem 1. Let the function V(x) belong to the class Ty} b1, 2 2. Let the weight function p(x) belong to the class
C2(R"), and for all x € R" inequalities hold:

” 190 594 o ||v§a2
p- oax " Caxll = |- @
< dp _19V(x)

-1 p —-= X -1

—~yvz—2y- 1| <g,.

3 O i e B ®
n

_, 0% 1
25 v <o ©
i=1 1
o 2.2 o’ ,

0x; 0%; 2 ox?| @

Then, if the conditions specified in Eg. (§) are satisfied.
82 < 4(1-28,),8; + 0, + 20, < 2,/1 — 20, — 203. (8)

Eg. (1) is separable in the space L,,(R"), and for all solutions of u(x) € L, ,(R") N Wy (R") equations

04
n S VU = ).

With the right part f(x) € L, ,(R") the following coercive inequality is satisfied:

LI
||Z Tue Ly p (R I +11 V) u(x), LZp(R“)+Z 1 va(o 2 (X) LR IS M

i=1 ©)
" f(X)' LZ,p (Rn)r

where the positive number M is independent of u(x), f(x).
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3| Auxiliary Lemmas

We will frequently use the following lemma, which is proved by integration by parts.

Lemma 1. Then, for any two functions ¢ and ¢, the following equality holds:
(W1, Pwy) = —(01, P'07) — (1, Pw3), (01, w; € Wa10.(R), ¥ € C°(R™)). (10)

Lemma 2. Let the function f(x) in Eg. (7) belong to the space L, ,(R"), the function u(x) belong to the space

0%u(x)

1
Ly, (R™) N W31 (R™). Then functions Vz(x)u(x), ——— P

i = 1,n belong to the space Ly ,(R").

Proof: Let ¢ be a test function such that a fixed non-negative function is a function that converges to one at.
For any positive number let.

There is equality:
s 1)
(), ppe (X)) = Z (o, p@eu()) + (VEIUX), peeu(x)), 1)

where (,) - are the scalar product in space L, ,(R™).

Then, applying Lemma 1 several times, we obtain from Eguality (11):
(), pee(u(x))
n
d%u(x) 9%p 0%u(x) 62(p
=Z< g 00 + Z( 05210

0x .2
azu(x) 9%u(x) azu(x) ap c')(ps

+ Z PP z )+ Z( Py U(X)) (12)
azu(x) ap au(x) 9%u(x) aq)gau(x)

+ZZ< ox? axl 22( ox; 0x; )

+ <C(X,u(x))u(x),cps@pu(x)).
Equating the real parts of this equality, we have
Re({(), ps (9u(x)
Z <62“(X), P 62 - )> + V(% uG0)u(), e (Ipu ) 13)

+ Al,s(u) + AZ,S(u) + 2A3,s(u) + 2A4,s(u) + 2A5,£(u)r

where

= 92 9%p
Aje(u) = Rez ( ang) % 2 QSU(X))

92 92
AZg(u>—ReZ< T PG

0%u(x) dp dg
Ase() = Re T, (59, 22880 ()
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0%u(x) 9 ou(x)
Ape(u) = Re XL, (2U2 20 o 200,

0%u(x) 6(pS du(x)

A5 S(u) - Rez =1 ( aXZ ’ aXi aXi )'

We now evaluate the absolute values of the functionals A;(u),j = E,one by one.

Since the function @.(x) is real-valued, and

2

d¢ Pe
ax: < Myg, 552 < M, %, forallx € R",
where
0, 0%,
M, = sup %, |, M; = sup v
1

Then A, (u), Az ¢(u) and A5 ¢(u) tend to zero at € = 0. To evaluate A; . (u), Ay (u), applying the inequality:

1
y1l? +2_a‘YZ|2' (14)

o
< —
Y1YZ—2

is valid for any a0 > 0 and all y; u y,, in view of Inequalitie (6) and Inequalitie (7), we find the following estimates:

8 162 2 1 1 2
A (u)|>——1 02 ==, LopRM|| = 5= |[@2V2u; Ly o (R™) 5
2 2 |96 e RD|| g || 06 VP e 15)
1=
> || 3% mll
[Ase] = =8, ) [l02 5 Lo p(R™) 16)
i=1 1

Passing to the limit in Eguality (13) at, using the Cauchy-Bunyakovsky inequality, at an arbitrary positive
number, and constants from Condition (8) and Condition (9), we find

I £60)3 Ly (R™) Il u(); L p (R®) 1 Re (), u()) =

n
5,
(1 B 252)2

This completes the proof of Lemwma 2.
4| Proof of Theorem

2

62’

2

Vu; Ly,p(R™)

2

Lop(R” )H +(1-22)

For any v > 0, the following equality holds

= 9*u a0
(f(x), @epf(x)) = (Vu(x), @.pVu(x)) + v (Z I’ PP @) + Af(u) — A5 (w), 17)

where

Af(w=-(1+ v)ReZ ( @spVu).

oxit’
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S otu
AS(W = (1= vRe ) (2, ¢cpfCO).
i=1 !
For any a; > 0, the following inequality holds.
— V| | |
jag )] < L= z 19200 T2 12+ Ly 2anco e,

where |I, Il - are norms in the space L, ,(R").

Therefore, we obtain

93 0
AS(u)——(1+v)ReZ< i qu(x))—(1+v)ReZ<a—)(‘_§,<pa(x)a—§w<x)>
=1 1 !

ox3’

93u v = 9%u ou(x)
- +v)Re; Gy (P 5 u0) = (1 + v)Re; Gy 9OV .5

i
Using Lemma 1, after simple transformations, we find

1 =1 +v) i, (a 2;(9 (X)pV(X) (x)) + Bi(w) + B3 (w) + B3(w) +

18
2B5(u) + 2Bt (u) + 2B¢(u) + 2B7(£) + 2B5(w) + 2B5(w), @

where

BE(w) = (1 + v)ReZ 8 L2 yeucon,

82’82

B3(w) = (1+Vv)ReXi, <a 2,<Ps(X) V(X)U(X))

B§(w) = (1 + VReZE, (G5, 0:(0p 2 u()

BE(W) = (1+VReZiLy (53, 5228V (0u(0),

BEW) = (1 +WReZiL, (53,520 2 (9u(0),

2
6xi 6xi

0%u 09, du(x)
BE(w) = (1 +V)Re I, Gz, 52pV (0 5=),

ovV(x) 0
BS(w) = (1 +v)Re XL, (2 2 0:00p 5050,

au(x)

B5(w) = (1 + VReZi, (G5, 0.0 F2V60 52,

BS(W) = (1 + VRe BT, (53,9000 2 0 u().

We evaluate alternately Bf(u), j = 1,9. Functionals B$(u), B§(u), BE(u) and BE(u) tend to zero at € — 0 by
virtue of Lemma 1. When evaluating the functionals B§(u), B§(u), B5(u), B§(u) and B§(u) for any u(x) €
Ly, (R™), applying inequalities (14), we obtain the following estimates:
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u 190
|B5 ()] <—Z (V I z,cpspV I 2>+ B(Vu , @epVu),

Bl < BTZ W2 0oV + 2 u o)

n

192 192
BEWI <0, ) (V257 0epV2Ts)
i=1
= 192 1092%u
|B§(u)| < 03 (Vza 2,(png ax 2)

2

10%u
O BTZ (Vo 2.<pspv o)+ 35 (Vs eepV0)

26

Here B is an arbitrary positive number, 8,, 04, 6, 03 and 0, - are constants from Conditions (2)—(6) respectively.

Based on the obtained estimates from Equality (17), taking into account inequality:
—|Z] < ReZ < |Z|.

Go to the inequality:

1 1
PZ(x) >||¢>Vu(x) I +VZ I 2

o« 1—v 1o

1l 'Zu g '2 lII(pf(x)IIZ

2

119 u
+(1 +V){Z I 9zV2 o5 I~ [B2(e)] — [Bs(e)] — 2IB7 (e) — 2IBg ()] — 2[Bs (o)l

where v, 8 > 0, a; - are any positive numbers.
Further, having in mind Enegualities (20)—(23) for any v, oy, a > 0, we obtain the inequality

2

qéf(X)) =l q)gVu(X) [ +"Z I q)sa 7 7 I
154y
a1|1—V|Z I sg 4 _1=vl L — vl I (ng(X) 2
+(1 2,320
( +V)L1 I 2Vz— g 12—
_(6(61 + 01 +20,) + 40, + 403)211: | %V%az_lj - 8, + 0y + 20, o7 Vu(x) "2}
2 0x? 28

i=1

Passing to the limit at € — 0, we obtain

19)

(20)

(21)

(22)

(23)
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1—v 14+v)(6; + 0, + 20
1+ DI > (1 - EEU IO, vy
1
n
o |1 —v| z a*u
+(v > ). [ o I
i=1
n
8, + 04 + 20,) + 40, + 40 19%u
+(1+v) 1 - P®1+ 0y +20,) + 40, + 405 I VZ— 112
2 s 0X{

Hence, the following is obvious: if |1 —v| < 2ay, o;]|1 —Vv| < 2v, (1 +V)(8; + 04 + 20,) < 2 and B(8; +
0y + 20,) + 40, + 403 < 2, then the Coercive Estimate (6). The existence of the numbers a4, ,v > 0 is deduced
trom Inequality (8).

The separability of the Nonlinear Operator (1) in the space L, ,(R") follows from the coercive Inequality (12).

This completes the proof of the theorem.
5| Conclusion

In this work, we investigated the coercive properties and separability of a fourth-order differential operator
in a weighted function space. Through the establishment of coercive inequalities, we derived sufficient
conditions that ensure the separability of the operator under consideration. These results build upon and
extend existing research on second-order and biharmonic operators, providing a broader theoretical
foundation for the analysis of higher-order differential equations. The developed criteria contribute
significantly to the theory of elliptic differential operators, particularly in weighted Hilbert spaces, where
traditional techniques may not be directly applicable. The findings also highlight the importance of weight
functions and function classes in determining operator behavior. This study opens the door for future
research on nonlinear operators, matrix potentials, and boundary value problems in complex domains,

thereby deepening our understanding of the interplay between operator theory and functional analysis.
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